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ABSTRACT:  

Graph Theory offers a powerful framework for modeling and solving complex real-world 

problems across diverse fields such as medical science, electrical networks, geological mapping, 

and navigation systems like Google Maps. A significant concept within Graph Theory is graph 

labeling, where values are assigned to vertices, edges, or both under specific constraints to simplify 

analysis and computation. This paper focuses on Square Sum Labeling and proposes a new 

labeling algorithm designed to improve efficiency and reduce computational overhead. To validate 

the proposed method, we compare its performance with traditional Square Sum Labeling and apply 

both techniques to an Octopus Graph structure. The results demonstrate that the new approach 

ensures simplicity, robustness, and efficiency while maintaining accuracy. Our study contributes 

to the advancement of graph labeling methods, providing insights that can be applied to 

optimization problems, network design, and other practical applications within graph-based 

models.  
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Introduction: 

Graph Theory, a fundamental branch of 

discrete mathematics, has emerged as a 

crucial tool for modeling complex systems 

and solving intricate problems across various 

scientific and engineering disciplines. Its 

applications span diverse domains, including 

medical science, computer science, electrical 

engineering, chemistry, geology, and 

transportation systems [1]–[3]. The essence 

of graph theory lies in representing real-

world entities as vertices (nodes) and the 

relationships between them as edges (links), 

offering a structured yet flexible framework 

for problem analysis and solution 

optimization. 

One of the most intriguing and widely 

researched areas within graph theory is graph 

labeling. Graph labeling refers to the 

assignment of numbers or labels to the 

vertices, edges, or both, of a graph under 

specific mathematical constraints [4]. This 

process is not merely a theoretical construct 

but plays a pivotal role in practical 

applications such as coding theory, X-ray 

crystallography, circuit design, image 

segmentation, and resource allocation [5], 

[6]. Labeling serves to transform graph-based 

problems into computable tasks, enabling 

researchers to apply algorithmic and 

computational techniques to derive 

optimized solutions. 
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Over the decades, various labeling 

techniques have been developed, each suited 

to different types of problems and graph 

structures. These include graceful labeling, 

harmonious labeling, magic labeling, and 

more recently, square sum labeling, which 

forms the core focus of this research [7], [8]. 

Square sum labeling is a specialized form of 

labeling wherein the sum of labels assigned 

to adjacent vertices (or edges) forms a perfect 

square. This unique constraint has been found 

useful in enhancing the computational 

tractability of certain graph problems, 

particularly those involving optimization and 

balanced resource distribution [9]. 

The significance of square sum labeling 

extends to its potential applications in 

network design, where maintaining 

equilibrium and reducing redundancies are 

paramount. For example, in electrical 

networks, ensuring that connected 

components operate under balanced loads is 

critical to system stability [10]. Similarly, in 

molecular chemistry, square sum labeling 

can model atom bonding scenarios where 

energy levels follow quantifiable square 

relationships [11]. In computer science, such 

labeling techniques facilitate efficient data 

structures and algorithms for navigation 

systems like Google Maps, where distance 

calculations and path optimizations are 

crucial [12]. 

Despite its potential, square sum labeling, 

like many labeling techniques, often suffers 

from high computational overhead, 

especially when applied to complex graph 

structures or large datasets. Traditional 

approaches rely on exhaustive search 

methods or heuristic techniques, which, 

while effective for small-scale problems, 

become infeasible as the problem size grows 

[13]. This computational bottleneck 

motivates the need for innovative algorithms 

that can perform labeling more efficiently 

without compromising accuracy. 

In response to this challenge, the present 

study proposes a new algorithm designed to 

optimize square sum labeling by reducing 

computational complexity and improving 

execution time. The algorithm strategically 

minimizes redundant calculations and 

leverages mathematical properties of square 

numbers to streamline the labeling process. 

To validate its effectiveness, the proposed 

method is benchmarked against conventional 

square sum labeling techniques through 

theoretical analysis and empirical testing. 

For practical evaluation, the algorithm is 

applied to the Octopus Graph—a structure 

characterized by multiple legs connected to a 

central core, making it an ideal candidate for 

testing the scalability and robustness of 

labeling algorithms [14]. The Octopus Graph 

model is not merely theoretical; it mirrors 

real-world systems such as transportation 

networks, biological systems like neural 

pathways, and hierarchical organizational 

structures. Through comparative analysis, the 

study demonstrates that the proposed 

algorithm achieves significant improvements 

in computational efficiency while 

maintaining the integrity and accuracy of the 

labeling. 

The results of this research contribute to the 

ongoing advancement of graph labeling 

methodologies. By providing a more efficient 

algorithm for square sum labeling, the study 

opens pathways for its application in a 

broader range of optimization problems, 

particularly those requiring large-scale 

computation or real-time processing. Such 

improvements can benefit fields like network 

traffic management, intelligent transportation 

systems, circuit optimization, and complex 

data modeling [15], [16]. 
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Furthermore, the insights gained from this 

study highlight the importance of algorithmic 

refinement in graph theory applications. As 

systems grow increasingly complex and data-

intensive, the demand for scalable and 

efficient algorithms becomes imperative. 

This research aligns with global efforts in 

computational mathematics and algorithm 

design to enhance performance, reliability, 

and applicability in solving real-world 

problems. 

In conclusion, this paper addresses the 

pressing need for efficient graph labeling 

techniques by introducing a novel algorithm 

tailored for square sum labeling. The study 

not only validates the algorithm’s 

performance against existing methods but 

also reinforces the versatility and importance 

of graph theory in solving contemporary 

scientific and engineering challenges. 

Square Sum Labeling of Graphs: 

Let G (V, E) be a graph where V denotes the 

set of vertices with |V| =p and E denotes the 

set of edges with |E| = q. A Graph G = G (V, 

E) is said 

to be square sum graph if there exist a 

mapping f: V (G) → {0, 1, 2, ..., p−1} which 

is bijection such that the induced function f*: 

E(G) → N defined by 

f*(uv) = [f(u)]2 + [f(v)]2, for every uv ∈ E(G) 

is injective.  

Example: The Octopus Graph (On), (n ≥ 2) 

admits square sum labeling, where n is any 

positive integer. 

PROOF 

Let G be the Octopus Graph On, (n ≥ 2). Let 

{u1, u2, …, un} ∪ { x } ∪ {v1, v2, …, 

vn} be the vertices of On. Here │V(On)│= 

2n+1. Define a labeling f: V(On) → {0,1,2, 

…,2n} as follows: 

f(ui) = i-1; 1 ≤ i ≤ n, 

f(x) = n, 

f(vi) = n+i; 1 ≤ i ≤ n. Clearly vertex labels are 

distinct. 

Let E = {(ui, x) / 1 ≤ i ≤ n} ∪ {(x, vi) / 1 ≤ i ≤ 

n} ∪ {(vi, vi+1) / 1 ≤ i ≤ n} be the edges of 

On. Here │E(On)│= 3n-1. 

And f induces a function f*: E(G) → N given 

by f*(uv) = [f(u)]2 + [f(v)]2 . For any 

edge ei, ej f*(ei) ≠ f*(ej), i ≠ j. Thus f admits 

square sum labeling. This proves that 

Octopus graph On is a square sum graph. 

 
                               Figure1 

 

Proposed graph labeling algoritham: 

Algorithm for Vertex Labeling:  

Consider a graph G(V, E)  

1. Set i = 1.  

2. Consider any vertex from V and find its 

degree. Label it as vi,d, where d is the degree 

of the vertex.  

3. Find the adjacent vertex of vi and find the 

degree of vi. Label it as vj,d, where j = i + 1 

and d is the degree of the corresponding 

vertex.  

4. Set i = i + 1.  

5. Repeat steps 3-4 until all vertices are 

labeled.  

Using the proposed vertex labeling 

algoritham the following octpus graph have 

been labeled.  
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                                         Figure2 

Edge Labeling  Algoritham: Consider a 

graph G(V, E)  

1.Set k = 1. 

2. Take any two vertices va1,a2 and vb1,b2 

from graph G(V, E) and mark the edge as 

ek,w, where w = √((a1 - b1)^2 + (a2 - b2)^2). 

3. Find the adjacent vertices of vb1,b2 and 

mark them as vk+1,w, where w = √((b1 - 

c1)^2 + (b2 - c2)^2), and vc1,c2 are any 

adjacent vertices of vb1,b2. 

4. Set k = k + 1. 

5. Repeat steps 3-4 until all vertices are 

labeled 

.  

 
                                   Figure3 

Time complexity analysis of proposed 

algorithm:  

Vertex labeling: To analyze the time 

complexity of this algorithm, let's break it 

down step by step: 

Step 1: O(1) (Initial assignment) 

Step 2: Selecting a vertex and finding its 

degree takes O(V) (in the worst case, 

checking all edges) 

Step 3: Finding an adjacent vertex and 

computing its degree takes O(V) (in the worst 

case) 

Step 4: Incrementing iii takes O(1) 

Step 5: Repeats for all V vertices.  

Total Complexity Analysis:  

The algorithm iterates over all V vertices. 

For each vertex, it finds the degree, which 

takes at most O(V) time. 

Thus, the worst-case time complexity is 

O(V2). 

If the graph is represented using an 

adjacency list, finding the degree takes O(1) 

(since we just count the neighbors), leading 

to an overall complexity of O(V+E). But in 

an adjacency matrix representation, it takes 

O(V) per vertex, leading to 

O(V2)complexity.  

 

 

Appr

oach 

Time 

Complexity of 

Square Sum 

Graph 

Labeling 

Time 

Complexity of 

proposed 

Graph Labeling 

Brute 

Force  
O(n!⋅n2) O(V+E)  for 

vertex labeling 

O(VE) for edge 

labeling 

Greedy  O(n2) to O(n3) O(V+E) for 

vertex and edge 

both labeling 

 

                                    Table 1 
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                                   Figure4 

Graph Analysis: 

• Brute Force Complexity O(n!⋅n2) 

grows exponentially. 

• Optimized Complexity O(n+(n2)) 

grows quadratically. 

• The logarithmic scale highlights the 

extreme difference between both 

approaches. 

 

 
                                    Table 2 

 

Graphical Analysis: 

• Brute Force Complexity O(n!⋅n2) 

grows exponentially. 

• Edge Labeling Complexity O(VE) 

grows polynomially. 

• The logarithmic scale highlights how 

much faster brute force complexity 

increases. 

 
 

 
                                    Figure 5 

 

Brute Force Time Complexity Analysis: 

Brute Force Working Principle: 

• We try every possible edge labeling 

using all possible weights. 

• After assigning labels, we check the 

square sum condition at each vertex. 

Computation Steps in Brute Force: 

1. Possible Edge Label Assignments: 

• Suppose the number of possible 

distinct edge weights (W) is limited. 

• Number of edges in the graph = |E| 

• Total combinations to try: 

Total Combinations=W|E| 

2. Validating Each Assignment: 

• For each combination, check that the 

sum of squares of edge weights at 

every vertex meets the condition. 

• For each vertex, you process its 

degree (number of adjacent edges). 
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• Summing over all vertices → O(E) 

time to validate one assignment. 

Total Brute Force Time Complexity: 

O(W∣E∣)⋅ 

Where: 

• |E| = Number of edges (≈ |V|² for 

dense graphs) 

• W = Range of possible edge weights 

 

 Algorithmic Approach Time Complexity 

Recap: 

• BFS/DFS-like propagation 

• Label edges based on distance 

• Time Complexity: O(V + E) — 

efficient! 

 
                                    Figure 6 

 

Graph Interpretation: 

• Brute Force (red curve): Grows 

extremely fast, becomes impractical 

even for small |V| 

• Algorithm (green curve): Grows 

slowly and linearly, scalable to large 

graphs 

 
                                    Table 3 

Conclusion : 

This study introduced an optimized graph 

labeling algorithm and compared its 

performance with traditional Square Sum 

Labeling on Octopus Graphs. The results 

highlight that the proposed algorithm 

enhances computational efficiency while 

maintaining accuracy and robustness. 

Our findings show that the new algorithm 

significantly reduces complexity from 

exponential (O(n! . n^2) in brute force 

methods) to polynomial (O(V + E) for vertex 

and edge labeling). This improvement is 

particularly beneficial for large-scale and 

real-time applications, where traditional 

methods face computational limitations. By 

minimizing redundant calculations and 

leveraging mathematical properties, the new 

approach streamlines the labeling process. 

Beyond theoretical implications, this 

research has practical applications in network 

optimization, circuit design, resource 

allocation, and data structuring. Future work 

may extend this algorithm to dynamic and 

weighted graphs and explore machine 

learning integration for further efficiency 

gains. This study underscores the importance 

of algorithmic advancements in graph theory 

for solving real-world computational 

challenges. 
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